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We useMathematica to compute statistics about solvability of small Diophantine equations in natural numbers.

Generation of terms

We are going to generate terms in the language of Peano arithmetic with zero, successor, addition and multipl
tion. First we define the successor function:

ClearAll [s]

s[n_]1:=n+1
Functionst er ms generates terms of a given complexity with given variables (this will always include all terms
of smaller complexity, up to equality). Our notion of complexity isd&ath of the expression tree. At each step
of generation we put the terms into canonical form and throw out duplicates.

Cl ear Al | [conbine, terns, ternsUpTo]

conbine[f_, Ist_]:=
Flatten[Function[tl, Function[t2, f[tl, t2]] /e
Sel ect [I st, OrderedQ[{t1, #1}] &]] /el st, 1]

ternms [0, vars_] :=terns[0, vars] = Prepend[vars, 0]
terms[n_, vars_]:=terns[n, vars] =
Uni on [
Map [Expandes [#] & ternms[n-1, vars]],
conmbi ne[ExpandePl us [#1, #2] & terms[n-1, vars]],
conbi ne[ExpandeTi nes [#1, #2] & terms[n-1, vars]]
1

Generation of equations

Given a list of term$ st , we generate all equatioas = &, where we avoid taking both = e, ande, = g;.

Cl ear Al | [equations]
equations[n_, vars_]: =
Wth[{lst =terns[n, vars]},
Union e Flatten[Function[el, Function[e2, el :==e2] /e
Sel ect [I st, OrderedQ[{el, #}] &]] /e |Ist, 1]]

We can uséathematica functionFul | Si npl i fy to rewrite equations in equivalent form. Many equations are
reduced to the same form this way. In the following example the original equations are in the left column and 1
simplified ones in the right column.



{#, Full Sinplifyl[#,

Assunptions -» {x el ntegers, yelntegers, x>0, y20}]} &/e
Take[equations[2, {X, Y}1, {1, 4000, 200}] // Tabl eForm

Fal se
2=3X

2 X = x4

4x ==2%X+2x%2
2x2 =xy?

x3 =242y

x4 =xy+x2y
1+2X=1+2X+X2
1+3X=X+X2+y
X+X2 =X+y+Xy+y?
1+2X+X2 =x+%x2+y
y =3y

3y =xy+x%y

2XYy =2X+XYy
2x2y =x+3y

2y2 =x2 +xy

2xy2 =x+y?

Xyd =1+x+y
2+y=1+x+y2
2X+yY =2y +2XYy

Fal se

Fal se

2 X =x*

X2 =X

2x2 =xy?
x3=2+2y

Xt =x (L+x)y
X =0

(-2+xX)X+y =1
X2 =y (L+X+Y)

1+X =

y::O

3y =X (1+x)y
Xy =2X

2x2y =x+3y
2y2 =X (X +Y)

Functionr educedEquat i ons generates all reduced equations of given depth in given variables.

O ear Al |l [reducedEquati ons]
reducedEquati ons[n_, vars_] : =UnioneFul | Sinplify[equations[n, vars],
Assunptions » {Andee (#¥ e I ntegers &&# >0 & /@vars) }]

The number of equations of depth 2 in two variables is almost halved by this procedure:

equations[2, {x, y}] //Length

5049

reducedEquati ons[2, {x, y}] // Length

2792

Diophantine Equations

Mathematica can solve a Diophantine equation in natural numbers withithél nst ance function:

Fi ndl nst ance]

{((L+x)%2+ (L+y)? = (1+2)288&x 2088y 208&&z 20}, {X, y, z}, I ntegers]

{({x-3,y->2, z->4}}
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It returns an empty list when there is no solution:

Fi ndlnstance[{(2x+1)2==4y+3&&x20&&y20}, {X, ¥}, I ntegers]
{1

It cannot deal with arbitrary equations, of course:

Fi ndl nstance]
{(1+x)7 + (1+y)7 = (1+z)7&&x20&&y20&&220}, {X, V¥, 2}, Integers]

— Findlnstance: : nsnet :
The nethods available to Findlnstance are insufficient to find
the requested instances or prove they do not exist. More...

Fi ndl nstance|
(L+x)" +(L+y)" = (1+2)" &&x =088y =08&&z =0}, {X, y, z}, I ntegers]

We define a function which returig& ue, Fal se or Maybe depending on whether a given equation has a
solution:

O ear Al | [hasSol ution]
O f [Fi ndl nst ance: : nsnet ]
hasSol ution[eq_, vars_]:=Switch[
Fi ndl nst ance[eq & Andee (# > 0 & /evars), vars, |ntegers],

{}, False,
_List, True,
_Findlnstance, Print["Cannot decide: ", eq]; Maybe]

Examples of usage:

has Sol ution[(1+x)2 + (1+y)2 == (1+z)2, {x, y, z}]

True

hasSol ution[(2x +1)% =4y +3, {X, y}]

Fal se

hasSol ution[(L+x)’ + (L+y) = (1+2)", {X, y, z}]
Cannot decide: (1+x)" + (L+y) = (1+2)"

Maybe
Now we can write a function which collects statistics about a set of equations:

ClearAll [stats]
stats[eqs_, vars_]:=Wth[{r =hasSol ution[#, vars] &/@eqs},
{{True, Count [r, Truel},
{Fal se, Count [r, Fal se]}, {Maybe, Count [r, Maybe]}}]

As an example, let us look at statistic for equations with term depth 1 in one variable:
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terms[1, {X}]

{0, 1, x, 2x, x2, 1+x}

equations[1l, {x}] // Col utmForm

Fal se
True
0=x
0=2Xx

0 == x2
0-==1+X
1-=-x
1--2x

1 =x2
1=1+X
X =2X

X == X2

X =1+X
2 X = X2
2X=1+X
x2 =1+X

Of the above 16 equations, 11 have a solution and 5 do not:

stats[equations[1l, {x}], {x}] // Tabl eForm

True 11
Fal se 5
Maybe 0

The same example with reduced equations:

reducedEquations[1l, {x}] // Col utmForm

Fal se
True
X =0
X =1
X = X2
2 X = Xx?
x2 ==1+X

Now we have only 7 equations left, two of which do not have a solution:

stat s[reducedEquations[1, {x}], {x}] // Tabl eForm

True 5
Fal se 2
Maybe 0
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Statistics

m Depth 1

One variable:

stats[equations[1l, {x}], {x}] // Tabl eForm
True 11
Fal se 5
Maybe 0
Two variables:
stats[equations[1l, {x, y}], {X, y}] // Tabl eForm
True 58
Fal se 9
Maybe 0

Three variables:

stats[equations[l, {x, y, z}], {X, ¥y, z}] // Tabl eForm

True

Fal se
Maybe

Four variables:

stats[equations[1,

True
Fal se
Maybe

Five variables:

stats[equations[1,

True
Fal se
Maybe

m Depth 2

One variable:

178
13
0

419
17
0

841
21
0

{X7

{X7

Yy, z, W}], {X, Y, Z, w}] // Tabl eForm

Y, Z, W, V}], {X, Yy, Z, w, V}]// Tabl eForm
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stats[equations[2, {x}], {x}] // Tabl eForm

True
Fal se
Maybe

Two variables:

stats[equations[2, {x, Y}], {X, y}] // Tabl eForm

Cannot
Cannot
Cannot
Cannot
True

Fal se

Maybe

Three variables:

stats[equations[2, {X, y, z}1, {X, y, z}] // Tabl eForm

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

175
124

0

decide: x* =1+x+y?
decide: y* =1+x2+y
decide: 1+x2+y=y? +xy?
decide: x2 +x2y=14+x+y?

4308

737

4

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

2x2 =1+2y+y?
2x2 =1+2z7+22
4%x% =1+x+y?
4x2 =1 +x+2?
X4 =1+X+y+XYy
x4 =1+x+y?

x4 =1+X+Z2+X2Z
x4 =1 +x +22
2+2X =Xy +y?
2+2x =xy? +y?3
242X =X2Z+2?
22X =x22 +73
1+%x% =2y +2Xxy

1+x2 =2y +y?
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Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

1+%% =X+y+XYy+Yy?

1+x% =2y+2y?
1+x%2=272+2x2
1+x%2=27+22

1+x%2 =X+2+X2+2?
1+x%2=22+22?

X+x2 =1+2y+y?
X+x2=1+227+22
1+X+X2 =X+y+XYy+Yy?
1+X+x% =X+Z2+X2+22
2X +%x2 =1+y?
2x +x% =1+22
1+2x+%x2 =2y2
1+2x+x%2 =y+y?
1+2x+x2 =222
1+2%x+x2 =27 +22
2x+2x2% =1+y?
2x +2x%x% =1+22
4xy =1+x+2?
4xy =1+y+2z?
X2y =1+y+2z?
2y2 =1+227+22
4y2 =14+x%+y
4y2 =1+y+22
xy? =1+x+2?
y* =1+x%x% +y

y¥ =1ax+y+xy
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Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

y* =1l+y+z+yz
y* =1+y+2?
1+2X+y =Xxy+y?
1+2x+y =y2 +xy?
1+2x+y =xy2+y8
1+2x+y =x2%2+y2z?
1+%x% +y =xy+y?
1+x%2 +y=y2 +xy?
1+x2+y=4yz
1+x% +y=yz?
2+2y =yz+2z?
2+2y=yz?+78

1+x+2y =x2%2+y2z?

X2 Xy =1+X+y?

1+X+y+XYy =XYyz+Xx2z?

L+X+y+Xy=Xyz+yz?

X+x2+y+xy =1+y?

X+X2 +y+xy=1+y+y?

2X+2Xy =1+y?

X2 +x2y =1+X+y?
1+y2=2z2+2yz
1+y2 =2z +22
1+y2 =y+z2+yz+2?
1+y2=2z2+222
1+x+y2 =4xz
1+x+y? =x2z?

y+y2 ::l+22+Z2
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Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

Cannot

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

deci de:

1iy+y? =y+z+yz+22
2y +y? =1+22
1+2y+y2 =222
1+2y+y? =2z +2?

2y +2y? =1+7?
4xz=1+y%+z
x2z=1+y%2+z
4yz=1+x%+2z
y2z=1+x%+2

472 =1+x%+2z

472 =1+y% 4z

24 =1+x%2+2

24 =1+y?2 42z

z* =1+Xx+2+Xx2Z

z* =l+y+z+yz
1+2x+z=xy?2+y?z
1+2X+2=x2+22
1+2%x+2 =22 +x2?
1+2x+2=x2%+2°
1+x%2+2=x2+2?
1+x%2+2=2%+x22
1+2y+z=x2y+x?z
1+2y+z=yz+2?
1+2y+z=2%2+yz?
1+2y+z=yz%2+28
1+y2 +z=yz+27?

1+y2 +z=2%2+yz?
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Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
Cannot
True

Fal se
Maybe

m Depth 3

Depth 3 is quite large. We can only handle the one variable case:

stats[equations[3, {x}], {x}] // Tabl eForm

True
Fal se
Maybe

decide: 1+x+2z=xy?+y?z
decide: 1+y+2z=x?>y+x%z
decide: x? +xz=1+x+2?
decide: 1+Xx+z2+XZ=Xy?2+xyz
decide: 1+Xx+z+XZ=Xyz+y?z
decide: x+x%2+z+x2z=1+22
decide: x+x%2+z2+x2=1+2+2>
decide: 2x+2xz =1+2?
decide: x? +x%22z=1+x+2?
decide: y2+yz=1+y+2z?
decide: 1+y+z+yz=x?y+xyz
decide: 1+y+z+yz=x?z2+Xxyz
decide: y+y?2+z+yz=1+22
decide: y+y2+z+yz=1+2z+2>
decide: 2y +2yz==1+2?
decide: y2 +y2z=1+y+2z2

38680

1963

111

26581
28026

0



