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Abstract

Gosper's summation algorithm "nds a hypergeometric closed form of an inde nite sum of hyperge-
ometric terms, if such a closed form exists. We extend his algorithm to the casewhen the terms are
simultaneously hypergeometric and multibasic hypergeometric. We also provide algorithms for "nding
polynomial as well as hypergeometric solutions of recurrencesin the mixed case. We do not require the
basesto be transcendertal, but only that q'l‘1 ¢eeokm 6 1unlessk; = ¢¢¢= ky, = 0. Finally, we generalize
the concept of greatest factorial factorization to the mixed hypergeometric case.

1 Intro duction and notation

Let F be a “eld of characteristic zero and hnil., a sequenceof elemerts from F which is eventually
non-zero. Call t,:

2 hypergeometric, if there are polynomials p1;pz 2 F[x] such that pi(n)tn+1 = p2(n)t, for all n;

2 g-hypergeometric or basic hypergeometric, if there are polynomials pi;p. 2 F[x] such that
p1(q")th+1 = p2(q°)tn for all n, where g2 FnfO0g is the base

2 multibasic hypergeometric, if there are polynomials pi;p2 2 Flyi;:::;ym] such that
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pi(n; af;:iign)tner = p2(n; ;i gm)ta for all n.
The well-known Gosper's algorithm [8, 9] nds hypergeometric solutions f, of the nonhomogeneous

“rst-order recurrence
fnar | fn=tn

where t, is a given hypergeometric sequence.Besidesits obvious use for inde nite hypergeometric sum-
mation, it also plays a crucial role in the algorithms for de nite hypergeometric summation, construction
of annihilating recurrences, and automated veri cation of identities [25, 26, 23]. Therefore it is not
surprising that analogousalgorithms have beendesignedfor many other settings, e.g., integration of hy-
perexponertial functions [4], basic [24, 13, 17] and bibasic [20] hypergeometric summation. We generalize
Gosper's algorithm, aswell as somerelated ones,to the mixed hypergeometric case.

The algebraic setting of the paper (with the exception of Section 8) is the rational-function "eld
F(x;y) where F is an arbitrary "eld of characteristic zero, together with an F-automorphism E which
actsby Ex = x + 1 and Ey; = gyVi. This is discussedin detail in Section 2. Some auxiliary algorithms
usedlater assubroutines are sketched in Section 3, while in Sections4 and 5 the necessaryingredients for
Gosper's algorithm are developed. Although there only “rst-order recurrencesare cheded for polynomial
solutions, we provide in Section 4 algorithm MixedPoly* which nds all polynomial solutions of a paramet-
ric nonhomogeneouspolynomial-coexcient recurrence of any order. A mixed hypergeometric canonical

“corresponding author
Lavailable at http://www.cis.upenn.edu/ ~wilf/AegB.html  in the Mathematic a package gosper.m as MixedPoly



form of rational functions is described in Section 5. After these preparations, we presert in Section 6
an analogue of Gosper's algorithm for the mixed hypergeometric case. Our algorithm MixedGosper is
a common generalization of the algorithms preserted in [9, 24, 20]. When specialized to the bibasic
case,it essetially agreeswith the algorithm given in [20]. However, looking at the caseanalysis in the
computation of the multiplicities ° and * [20, pp. 7{8], it is not immediately clear how to extend that to
the multibasic case.In Section 7 we provide algorithm MixedHyper which "nds all mixed hypergeometric
solutions of a homogeneouspolynomial-coezcient recurrence of any order. This is a common generaliza-
tion of the algorithms preserted in [19] and [3]. In Section 8 we extend the concept of greatest factorial
factorization [16] to an arbitrary automorphism % 0of the multiv ariate polynomial ring.

Notation. The set of integers is denoted by Z, the set of nonnegative integers by No, and the "eld
of rational numbers by Q.

If n;m 2 No and a = (a1;az;:::;am), b = (bi;bp;:::;bn) arem tuples of elemerts of a ring, we
write ab for the componentwise product (aiby;azby;:::; am bm) and a" for the componerIW|se power
(al;ad;:::;ah). If ® = (®1;®;:::;®y) 2 N then we erte a® for the power product a1 2 ¢eealm

We say that two multiv ariate polynomials over a "eld are coprime if they do not have a non-constant
common factor. When a and b are coprime, we write a ? b. When S is a set of polynomials anda? b
forall b2 S, wewrite a? S.

2 Algebraic preliminaries

kijiiiikm 2 Z,

152 ¢e0gfm = 1 =) ki = ko = ¢6¢= ky = O (1)
This generalize@the condltlon that gis not a root of unity in the g-hypergeometric c§1se[3] For example,
fF=R, = "2and g = 2, then ggg ° = 1 and we should have chosenq = 2in the Trst place.
On the other hand, o = 2 and ¢ = 3 would be a legitimate choice in this case. We call g's the bases
and write q = (ql """ S 0m).

and F(x;y) the corresponding ratlonal function "eld. We de ne an F-automorphism E of F(x;y) (i.e.,
E is a eld automorphism of F(x;y) which Xes ead elemert of F u F(x;y)) by stipulating further that
Ex = x+ land Eyx = ckyx for k = 1;:::;m. Then F(x;y) together with E is a di®erence eld and
F[x; y] is a di®erencesubring of F(x;y) (see [6] for the relevant de nitions).

If u= y¥tyk2 ¢eeykm 2 M , wewrite u(q) for the corresponding power product of the basesg* g2 ¢eeolm .
Note that Eu = u(q)u forallu2 M.

As a multiplicativ e monoid, M is obviously isomorphic to Ng' , the direct product of m copies of the
additiv e monoid No. We denote by * an admissible term order in Ng', which is a total order satisfying

1. 01 ®,

22.®1 7 ) ®+°1 T+
for all ®;;° 2 Ng'. An example of an admissible term order is the lexicographic order 1 jex, with
®Aix ~ when®6 ~ and ® < ¢ wherek = minfi; & 6 ;g

De niton 2.1 Let®; 2 N{'. Then we write

®p

whenever®, - ~; for all i between 1 and m.

Clearly, (Ng'; 1) is a partial order isomorphic to (M ;j) where j denotes divisibilit y of power products,
and is contained in any admissible term order:

®u~ ) ®r 7; foral ®  2Ng:

2available at http://www.cis.upenn.edu/ ~wilf/AegB.html  in the Mathematic a package gosper.m as GosperSum



We adjoin to N§' an absorbing bottom elemert®, ? , such that for all ® 2 Ng

? A®;
2+ ®=®+7? =7

De nition 2.2 Let p2 F[x;y]. Write

X o X :
p(xy) = Pa(X)y " = G (y)x @

®2ND i2Ng

where only "nitely many pe 2 F[x] and ¢; 2 F[y] are non-zero.
1. We de ne the multidegree of pin y as

Y2

max: f® 2 Ng'; 6 0g; p6 O

2. Similarly, v f@2 NT- 6 0 6 O
mindegy b(x:y) = min: ?o_ v Pe g, P ;

p=0:

3. We write [y®]p(x;y) for pe(x) and [x']1p(x;y) for ci(y) in (2).

4. When deg, pA ® we write p= o(y®).

5. Let = = deg,p. We call p mixed monic when [y*]p(x; y) is monic as a univariate polynomial in x.

Note that the concepts of multidegree and mixed monicity are relative to the chosenterm order * . By
convention, gcd(a;b) always denotesa mixed monic greatest common divisor of a;b2 F[x; y].
We need the following well-known result from the theory of linear recurrent sequences.

over F.

For a proof, see,e.g., [22, Thm. 4.1.1].

The main object of our interest is the ring of sequencedNy ! F. To simplify notation, we denote the
sequencehD; 1;2;::: by n, and hi; g ;¢?;::: by g, fori = 1;2;:::;m. We write F[n; q"] for the subring
of No ! F generatedby n, of;:::;qgn and the constant sequencesand call its elemerts the polynomial
sequen@s This is justied by the following theorem.

Theorem 2.2 Let ©: F[x;y]! F[n;q"] be the ring homomorphism mapping x 7! n andyi 7! ¢.
Then © is an isomorphism between the ring of polynomials F[x; y] and the ring of polynomial sequenes
Fn;q"].
Pro of: It is obvious that © is an epimorphism. We show that it is a monomorphism. Let f 2 F[x; y].
Write f as
X
f= pi Ui;

i=1

X
0=0f = pi(nui(q)":

i=1

Becausequ;:::;gn satisfy condition (1), ui(q) 6 uj(q) for i 6 j. The result now follows from Lemma
2.1. ]

3not to be confused with the notation for coprime polynomials intro duced at the end of Section 1



As a consequence,F[n; "] is an integral domain, and its "eld of fractions F(n;q") whose elemerts
we call the rational sequences is isomorphic to the rational function "eld F(x;y). The map ©: F[x; y]!
F[n; "] de ned in Theorem 2.2 can be naturally extended to a map from F(x;y) to F(n; q").

We de ne a homomorphism S on No ! F by setting (Sa)(n) = a(n + 1) for all a: No ! F. This
makesF(n; q") into a di®erence eld and F[n; q"] into a di®erencesubring of F(n; q"). As ©+E = S+0©,
we seethat © extended to F(x;y) is a di®erenceisomorphism of the two "elds F(x;y) and F(n; g"), as
well as of the two rings F[x; y] and F[n; q"]. This allows us to work in F(x;y) resp. F[x; y] instead of in
F(n; g") resp. F[n; g"] whenewer suitable.

We conclude this section by two simple technical lemmas.

Lemma 2.3 Letp2 F[x;y]nf0Og, k2 Znf0g, and a2 F. Then EXp = apif and only if p = ru for
somer 2 F, u2 M, and a= u(q)X.

Pro of: Su+ciency is obvious. SupposeE*p = ap. Write p as

X
p(xy) = pi (X) ui(y);

i=1
k X k
api(x)ui(y)=ap=E"p= pi(x+Kk)ui(a)" ui(y):
i=1 i=1

api(x) = ui (@) pi(x + k):

However, if it were the casethat ui(q)* = uj(q)* for somei 6 j, condition (1) would be violated. It
follows that n = 1, and p(x; y) = r(x) u(y) for somer 2 F[x]nfOgand u2 M . From E¥p = ap we get

r(x + k) = r(x), which is only possibleif r is a constant. [
Denition 2.3 For 1- i - m, we denote by ¥ the endomorphism of F[x; y] which substitutes O for ;.
Lemma 2.4 The endomorphisms¥%, 1- i - m, commute with E and E' L

Pro of: Let Y; = fyi;y2;:::;ymagnfyigand p 2 F[x; y]. Consider p to be a polynomial in F[x; Yi][yi]. It
is easyto check that E¥4p= %Epand El '%p= %E' !p. "

3 Algorithmic  preliminaries

The main algorithmic subproblems that we encourter are the following:
1. (disp) For polynomials a;b2 F[x; y]nfOg such that a;b? M , compute the dispersion set

D(a;b) = fn2 No; a6?E"hg

containing all nonnegative integers n such that a and E" b have a non-constant common divisor.
2. (introot)  Find the set of all nonnegative integer roots n of P(n; q") = 0 where P 2 F[x; y] nfO0g.

3. (gmon) Givena 2 Fnf0Og, nd integerski;:::;km (if any) such that a= q‘{l ¢eegkm . Note that by
(1) such integers are unique.

In Section 3.1 we reduce disp to introot . In Sections 3.2 and 3.3 we show how to solve introot in two

casesof transcendertal resp. rational basesit is rather obvious how to solve it.



3.1 Computing the disp ersion set

De ne polynomials R1;Rz2;:::;Rm; R 2 F[x; y][» "] as polynomial resultants
Ri(»") = Res (a(xy);bx+»"y) (@L-i- m);
R(» ) = Res(a(x;y);b(x+ »"y)):
Here » is a variable and * = ("1; " 2;:::; " m) is an m-tuple of variables. Let
y
P )=RM») Ri(»"): ®3)

i=1
The following lemma leadsto an algorithm for computing D (a; b):
Lemma 3.1 D(a;b)=fn 2 No; P(n;q") = Og.
Pro of: Forn 2 No, let A, : F[x;y;» ]! F[x; y] bethe evaluation homomorphism which substitutes n
for » and q" for ~ . It is easyto seethat for any non-zero polynomial p 2 F[x; y], the homomorphic image
Ay (p(x+ » " y)) = p(x+ n;q"y) = E"p(x; y) is non-zero. Therefore, by the Homomorphism Lemma for
resultants (see,e.g., [14, Lemma 7.3.1]),
Ri(n;g") = Ad(Ri(»")) = Res, (An(a(x; y)): An(b(x + »"y))) = Res, (a;E"b)
@€-i- m)
R(N;a") = A (R( 7)) = Resc(An(a(x; y)); An(b(x + »"y))) = Resc(a;E"b):
Thus we have the following chain of equivalences:
n2D(ab) () one of deg, gcd(a;E"b); deg,, ged(a; E"b) is positive
() oneof Res((a;E"h); Res, (a;E"b) vanishes
() oneof R(n;q");Ri(n;q") vanishes
yn
() RMa") Ri(ng")=0
i=1
() Pma")=0 4)
The secondequivalence above follows from the well-known properties of polynomial resultants. n

Next we shov how to "nd integral solutions n of equation (4) in two special cases.

3.2 Transcendental bases

look for n 2 No such that

p(n;di;:::5gn) = O ©)
We presert arecursive algorithm for 'nding an upper bound for n. Once the bound is known, all integers
between zero and the bound can be cheded.

In equation (5), the coetcients are elemerts of F, which are rational functions of gi;:::;gn. We can
clear the denominators and obtain an equation in which g occur polynomially:

(G Gmidliiiiion) = 0 6)

wherer 2 Q[X;z1;:::;Zm;Y1;:::;Ym] nf0g. We show how to reduce recursively the problem of nding

an upper bound for solutions of (6). Consider all terms of r with lowest degreeof yn,, and let that degree
bej. Among these terms, consider the one with the lowest degreeof z,, and let d be that degree. The

S(M; 013200y 10515 0n; 1) = O; ™
which we can get recursively. Then max(M ;d) is an upper bound for solutions of (6). Supposen >
max(M ;d). Then n is not a solution of (7), and the lowest power of g that occursin (6) isd+ nj. Since
this power occurs only in the term s(n)g o , the term doesnot cancel, and n is not a solution of (6).

The base caseof the recursion is an equation r(n) = 0, where r 2 Q[x] nf0g. This can be handled
easily, since any natural solution of this equation must divide the constant term (after we have cleared
the denominators).



3.3 Rational bases

that
p(n;di;:::gn) = O ®)
Write p as

p= pi Ui ;

i=1

p(Mui(q)" = 0: ©)

i=1

We may assumethat jsij < jsaj < ¢¢¢< jsij. Supposepk(x) = agx? + ag; 1x% 1 + ¢¢¢+ ap. Equation (9)
is equivalent to
%L 1
agn’sg + an'sf+  p(n)s' =0 (10)
i=0 i=1
The rst term in (10) dominates the sum of the others. We only needa lower bound on n, such that the
absolute value of the “rst term is greater than the absolute value of the sum of the other terms. Then
we can ched all integers between zero and the lower bound.
Let dom(a; b;k) be a function which givesan integer lower bound, such that for all n , dom(a; b;k)
it is true that a" > bn*. Herea> 1,b> Oand k 2 Z.

& -,

—a &
M; = - -
agt

H— —— - 1
_ —Sk—. 2Ki— -
N; = dom § ; E ;degpi j d

Let N = max(2;Mo;:::;Myg; 1;N1;:::;Ng; 1). The choice of M; ensuresthat
jraan’stj > jain'sy]

for all n, N. The choice of K; ensuresthat jpi(n)j < 2K;n%9P for all n, 2. Therefore,
jraan‘sej > jpi (n)s’|

for all n > N. This meansthat equation (8) doesnot have any solutions larger than N. We can nd all
solutions of (8) by checking all integers between0 and N .

4 Polynomial solutions

In this section we presert an algorithm for 'nding all polynomial solutions f 2 F[x;y] of parametric
nonhomogeneousequations of the form

Lf =g+ .ihj (11)

where
X .
L= pE 12)
i=0
is a linear recurrence operator with polynomial coetcients p; 2 F[x; y], ,; are free parameters (ranging
over F) to be determined, and g;h; 2 F[x;y] are given polynomials. More precisely, the problem is
to compute a basis of the atne spaceL},*(g) where Ly : Flx;y]© F° I F[x;y] and L, : (f;,) 7!



Lf j P jszl ,ihj for f 2 Flx;y] and , 2 F°. Thus by a solution of (11) we mean a pair (f;,) with
f 2 Flx;y]and , 2 F° sud that (11) is satis ed.

As a special case, (11) includes nonhomogeneousequations without parameters (when all h; = 0)
as well as homogeneousequations (when also g = 0). The ability to solve parametric nonhomogeneous
equations is crucial if one wants to apply Zeilberger's Creative Telescopingalgorithm [26] in the mixed
hypergeometric case. Another reasonfor allowing linear parameters in the equation is the nature of our
algorithm which nds the terms of the solution one by one, introducing new free parameters into the
right-hand side at ead step.

Let f (x; y) be a polynomial solution of (11). Write

® = Omia}XI/ deg, pi; (13)

pe(x) = °Ip; (14)

d = max deg, p;e(X); (15)

prea = [X'Ipie(X); (16)
x

rhs(,) = g+ ,jhj; 17
j=1

= de‘g), f(xy); (18)

tx) = [y If(xy) (19)

o= de_gy rhs(, ); (20)

r- = [y Irhs(,); (21)

wheret 2 F[x]nf0g, p;e 2 F[x] and pi.e:a 2 F. In (20) weregard , ;'s as variables over F(x), and rhs(, )
asbelonging to F(x; , )[y]. Tr?_-;s meansthat after the parameters , ; are given speci ¢ values,jO 2 F, the

multidegree of rhs(, 9 = g+ ;_, , Ph; iny can be lower than ~.

Lemma 4.1 LetL;®;p;eq and ' be as givenin (12){(18). If deg, Lf A®+' , then' = deg, f
satises P(q ) = O where

PX)=  ProaX (22)
i=0
is the characteristic polynomial of L.
Pro of: From (19), E'f = t(x + i)q'" y + o(y ), soLf = T(x)y®*" + o(y®*" ) where

2

TX) = pe()g tx+i): (23)

i=0
If deg, Lf A ®+ ' then T = 0. This is an ordinary recurrenBe relation with non-zero polynomial
solution t(x). As the coetcient of x4*®9 x ' in T(x) must vanish, , p;e.q = O asclaimed. "

Let R denote the set of exponerts of those roots of the characteristic polynomial (22) (if any) which
are power products of the bases:
R =f%2Nj; P(q”) = 0g: (24)

When R is empty we take maxR = ? . The following lemma givesrise to an algorithm for "nding all
polynomial solutions of equation (11).

Lemma 4.2 Let (f;, 9 be a solution of (11) with f 2 F[x;y] and , °2 F°.
1. If ®+ maxR A~ thendeg, f * maxR.
2. Let®+ maxR * —
(@ If ®p ~ thendeg, f ! | ®.
(b) If ® 6~ then deg, rhs(, ) A .



Pro of: Let' = deg, f. Let T beasin (23).

1. ®+ maxR A~

If T = 0then deg, Lf A®+' and' 2 R, by Lemma 4.1. If T 6 0 then deg, Lf = ®+ " .
As deg, rhs(, ) * 7, it follows that ®+' * = A ®+ maxR, so' A maxR. In either case,
' 1 maxR asclaimed.

2. ®+ maxR 1 —
(@ ®p )
If T = 0 then degy Lf A®+ "' and' 2 R by Lemma 4.1, so' * maxR and therefore
®+' 1 " If T6& Othen deg, Lf = ®+ ' . As deg, rhs(, 91 7, it followsthat ® + ' 1 —

In either case," ' ~ | ® asclaimed.

(b) ® 6
Assume that deg, rhs(, = ".1fT=0thendeg Lf A®+"' and' 2 R by Lemma 4.1, so
deg, Lf A®+' * ®+ maxR ! = = deg, rhs(, °), a contradiction. If T 6 Othen ®+ ' ="
which implies that ® p —, contrary to the assumption. Both caseslead to contradiction, so
deg, rhs(, ) A ™ as claimed. "

Based on Lemma 4.2, we can nd the general solution (f;, ) of equation (11) as follows: First compute
the set R asgivenin (24). Then distinguish three cases:

1. ®+ maxR A~
Set' = maxR and look for f in the form

f=tx)y +f1 (25)

where f1 = o(y ). To nd t(x), apply the algorithm of [2] to T = 0 (an ordinary homogeneous
recurrence relation). Then remove maxR from R and 'nd f; recursively by solving

Lfi=rhs(,)i L(t(x)y ): (26)
2. ®+ maxRt —
@ ®u B
Set' = | ® and look for f in the form (25). To nd t(x), apply the algorithm of [2] to
T = r- (an ordinary parametric honhomogeneousrecurrence relation). Then remove max R
from R (only in casethat ® + maxR = ), and nd f; recursively by solving (26).
(b) ® 6
Let , = , °be the solution of the system of linear algebraic equations for the free parameters

, Obtained by equating the coezxcients of powers of x in r- to zero. Then 'nd f recursively
by solving Lf = rhs(, 9.

Remarks:

1. Note that in steps1 and 2(a), t(x) can contain new free parameters which are then joined with the
existing ones. This explains the needfor allowing parametersin the right-hand side of the equation.

2. In step 2(b), the number of free parameters will drop by the rank of the linear systemto be solved.

3. If the ordinary recurrence in steps 1 or 2(a) has no polynomial solution, or the linear system in
step 2(b) is unsolvable, then the original parametric recurrence has no polynomial solution, and the
algorithm terminates unsuccessfully

4. At ead step, either the cardinality of the set R drops, or elseit stays the samebut the multidegree
~ = deg, rhs(, ) decreasesin the admissible term order A. 1t follows that the pair (cardR;™)
decreasesin the lexicographic ordering of No £ N§' which uses< in the st componernt and A in
the secondcomponert. As every admissible term order is a well-order, this assurestermination of
the algorithm.

5. Unlessthe algorithm terminates unsuccessfully eventually R becomesempty and rhs(, ) becomes
0. Then the only polynomial solution of (11) isf = 0.

An iterativ e version of this tail-recursiv e algorithm called MixedPoly is given in Appendix A.



5 A canonical form for rational functions

Let r 2 F(x;y) nf0g. Write r as
r =

<|c

do
¢—;
o

whereu;v2 M, ag; b 2 F[x;y], aokh ? M , uap ? vhy, and by is mixed monic (Def. 2.2).

There are Tnitely many valuesh 2 Ny such that ap 6?E"ky. These values are the elemerts of the
dispersion set D (ap; ln) which can be found asdescribed in Section 3. Solet D (ao; o) = fhi;hy;:::5hng
where 0 - hi < hy < ¢¢¢< hy.

Lemma 5.1 Consider the algorithm CanonicalForm in Appendix B. Dene hy+ = 1 ,andlet0- k -
i;j - N,h2Noandh< hy.i. Then & ? E"b.

a ? E'h.

To prove the lemma for h 2 S, we useinduction on k. When k = 0, there is nothing to prove because
there is no h 2 S such that h < h;. Assume that the lemma holds for all h 2 S, h < hx. We show
that it holds for h = hy. Sincea; j ax and by j b, it follows that gcd(ai; E"kh) divides ged(ax; EM by).
Furthermore,

. hkp,.
ged(ac: E™ he) = ged(2iL: E—hﬂl) =1
Sk Sk
by the denition of ax;bc and s in algorithm CanonicalForm. This completes the proof. [

Theorem 5.2 Letr 2 F(x;y) nf0g. There exist polynomials a;b;c 2 F[x; y] nf0g such that

1. b;c are mixed monic,

2.¢c? M,
3. a? EXbfor all k 2 No,
4. a? c
5. b? Ec, and
a Ec
= - ¢—: 27
r=4%c (27)

Pro of: Let a;b;c be constructed by the algorithm CanonicalForm from App endix B. Conditions 1 and 2
are satis'ed by construction, and condition 3 follows from Lemma 5.1 by taking i = j = k= N. Identity
(27) is veri ed directly,

a Ec _ ucay ¢W Yo giing
b c v Chy o Eils;
_ L uta QiN:1 Eifis Y 5 utap _ .
Vi’\‘:l Si v ¢hy . Eifisi veh :
Proof of 4: Supposea 6?c. Then also ay 6?Ei!s; for somei and j such that 1 - i - N and

1- j - hi. By deniton E"ilh, 1 = EMiip ¢EiJs;, soit follows that ay 6?EMiih, ;1. Since
hi i j < hy, this contradicts Lemma 5.1.

Proof of 5: Supposeb 6?Ec. Then also by 6?E! I's; for somei and j such that 1- i - N and
0-j- hij 1. By denition Ei'a;; 1 = Ei'a ¢Ei s, soit follows that a;; 1 6?E'by. Sincej < hj,
this contradicts Lemma 5.1. [

Lemma 5.3 Let a;b;c;A;B;C 2 F[x;y] nf0g be polynomials suchthat a? ¢, b? Ec, ¢c? M, and

A ? E¥B for all k2 No. If

a Ec_ A _EC,

p’c -8 oCc (28)
then c divides C.



Pro of: Let g= gcd(c;C), d= c=g and D = C=g. Thend? D, a? d, and b? Ed. Clear denominators
in (28) and cancel g ¢Eg on both sides. The result

A ¢b¢d¢ED = a¢B ¢D ¢Ed
shows that dj B ¢Ed and Edj A ¢d. Using these two relations repeatedly, we nd that
d j B C¢EB ¢E" B ¢EXd
d j E'*ACE 2AceeE KA ¢E' *d
for all k 2 No. Becaused ? M , and F has characteristic zero,d ? EXd and d ? E *d for large enough

k. It follows that d divides both B ¢EB ¢¢¢EXi 1B and E' *A ¢Ei 2A ¢¢¢E KA for large enough k. But
these two polynomials are coprime by assumption, sod must be a constant. Hence, ¢ divides C. [

Theorem 5.4 Letr 2 F[x;y]nf0g. Then the factorization of r descriked in Theorem 5.2 is unique.
Pro of: Supposethat a;b;c and A; B; C are two factorizations of r, as described in Theorem 5.2. Then

_a_ Ec_ A _EC,
=ptc e

By Lemma 5.3, ¢ divides C, and vice versa. As ¢ and C are mixed monic they must be equal, hence
a=b= A=B. Asa? b, A? B, and b;B are mixed monic, it follows that b= B and a= A aswell. ]

The factorization of non-zero rational functions described in Theorem 5.2 is thus a canonical form.
We intro duce special notation for it.

De nition 5.1 Letr 2 F(x;y) nf0Og be a non-zero rational function. We write
(a;b;c) = C:fi(r)
to denote the unique polynomials a; b;c 2 F[x; y] which satisfy the conditions of Theorem 5.2.

Theorem 5.5 Leta;b2 F[x;y]nf0Og, and (A; B;C) = C:f:(b=g. The homogeneus rst-or der recurrence
ac¢Ef j bf =0 (29)

has a non-zero polynomial solution f 2 F[x;y] if and only if A=B = u(q) for someu 2 M . In that case,
f =, ¢u¢C for some, 2 FnfOg.

Pro of: Suppose(29) has a non-zero solution f 2 F[x; y]. Write f = | ¢u ¢g where, 2 Fnf0Og, u2 M
and g ? M is mixed monic. Then C:f:(Ef =f) = (u(q); 1;9). Sincefrom (29)

Ef _b_ A EC.
f a B C'
(A;B;C) = C:f:i(Ef =f) as well. By Theorem 5.4 it follows that A = u(q), B = 1and C = g, so
A=B = u(g) and f = , ¢u¢C.

Conversely, if A=B = u(q) for someu 2 M , then f = u ¢C is a non-zero solution of (29). n

We remark that our canonical form di®ers from the Paule/Riese/Strehl form (PRS, for short) de-
scribed in [18, 17] for the basic and in [20] for the bibasic case,in the following three respects:

1. In the PRS form the monomial factors of the numerator and denominator of r are listed separately
while in our form they are included with A resp.B.

2. In the PRS form all polynomials either have unit constant terms or elseare primitiv e and the overall
constant factor is listed separately, while in our form B and C have unit leading coexcients in the
chosenterm order and the overall constant factor is included with A.

3. In the PRS form the polynomial corresponding to our B is given by a constant multiple of Ei 1B.
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6 Mixed Gosper's algorithm
P _ _
Let S, = E'zoltk. Clearly substituting S, for s, satis es the rst-order recurrence
Sn+1 i Sn = tp: (30)

Conversely, any solution s, of (30) di®ersfrom S, only by an additiv e constant { more precisely, S, =
Sn i So. Therefore we consider the following problem:

Given a sequene t,, decide if equation (30) has a mixed hypergeometric solution s, and if so, nd

Let sp and t, satisfy (30), with

ST, 2 F(niq"):

Sn

Then the two quotients
th+1 - Sn+2 | Sn+1 _ T+ i 1

'n =

th Sn+1 i Sn 1i 1=T,

and
Rn = S_n = Sn = 1
th Sn+1 i Sn Thi 1

both belongto F(n;q"). Sot, must be mixed hypergeometric itself, and s, is a rational multiple of ty:
sn = Rntn. Using this, (30) yields a recurrence for the unknown rational sequenceR;,

Rns1 | Rn= 1 (31)
By Theorem 2.2, equation (31) is equivalent to
r¢ERj R=1; (32)

wherer;R 2 F(x; y) are © -isomorphic imagesof r, and Ry, respectively.

Next we show how to 'nd rational solutions R 2 F(x;y) of equation (32). The following theorem
provides a multiple of the denominator and a divisor of the numerator of R. The missing factor in the
numerator can then be found using algorithm MixedPoly of Section 4.

De nition 6.1 Letr 2 F(x;y) nfOg be a non-zero rational function, and (a;b;c) = C:f:(r). For
1- i - m dene exponents € (r) as follows: If ¥ (a)¥(b) 6 O, let (ai;b;c) = C:H:(Ya(b)=4(a)).
If there are viw 2 M suchthat v ? w and ai=h = v(q)=w(q), then e&(r) = deg, w. If not, or if
Ys(a)¥s(b) = O, thene(r) = 0.

Theorem 6.1 Let R = f=(ug) be a rational solution of (32) with f;g2 F[x;yj, u2M,g? M, and
f ? ug. Then

1. gj c where (a;b;c) = C:f:(r),

2. deg, u- e(r),

3. Ei lbjf.
Pro of:
1. From (32),
_ R+1_ (f +ugu(q) .Eg.
= ER - = ¢ g (33)

On the other hand, (a;b;c) = C:f:(r), so

a _Ec
= —¢—: 34
r=4%% (34)
As Ef ? Eg, g? (f + ug)u(q), g? M, and a? EXbfor all k 2 Ny, it follows by Lemma 5.3 that

g divides c.

11



2. Write F = fc=g2 F[x;y]. Then R = f =(ug) = F=(uc). Combining this with (33) and (34), we nd
that
(F + uc) ¢u(q) ¢b= a¢EF: (35)

Now assumethat y; j u. Then applying ¥ (seeDef. 2.3) to Eqn. (35) and rearranging yields
Y5(a) ¢EY4(F) i u(q) ¢¥a(b) ¢v4(F) = O: (36)

BecauseF jfc,f 2 uandc? M, it followsthat yi § F and ¥ (F) 6 0. Assumethat ¥ (a) = O.
Then y; j a and from (35), yi j b¢F. But yi § bbecausea? b, soy;i j F. This contradiction shows
that ¥4 (a) 6 0. In an analogousway we conclude that ¥4 (b) 6 0.

Let (a;b;c) = C:f:(Ya(b)=Y4(a)). Then ((u(q)dai;b;c) = C:f:(u(q) /s (b)=Y4(a)). Sinceequation
(36) has a non-zero polynomial solution % (F), it follows by Theorem 5.5 that there is u; 2 M
such that u(q) ¢ai=b = ui(q), and that ¥ (F) = ,uic¢ for some, 2 F. Then ai=h = ui(g)=u(q)
is a quotient of two monomials. Write u; = v ¢t and u = w ¢t wheret;v;w 2 M and v ? w. By
De niton 6.1, e (r) = deg, w. Astjuyj¥(F) it followsthat t ? yi, so

deg, u= deg, w= e(r):
We have shown that deg,, u is either 0 or & (r), soin either casedeg, u - e&(r).

3. From (35) it follows that bj a¢EF. Asa? b, wehavethat bj EF jEf Ec. But b? Ec, soE' tbjf.

From Theorem 6.1 it follows that we can look for R in the form

_ Ei'pep
T ucc 37)
where (a;b;c) = C:f:(r) and u = Qi’“zl yf‘(r) are known while p 2 F[x; y] is an unknown polynomial.
Inserting (37) and (34) into (32) yields
a¢Epi u(q) ¢E' *bep = u(q)u ¢c; (38)

an nonhomogeneous rst-order linear recurrence relation with polynomial coetcients satis ed by p.
Algorithm MixedPoly of Section 4 can now be applied to nd a polynomial solution p of Egn. (38). The
full algorithm is givenin Appendix C.

We conclude this section by giz.jng some examples of sums which can be evaluated automatically by
MixedGosper. We write (a;q)n = {‘jol(li aq).

Many bibasic examples can be found in [7] and [20]. An inde nite multibasic summation formula
(too big to reproduce it here) is proved in [21]. The formula contains an arbitrary number, k, of bases.
Sudh formulYz cannot be proved by our algorithm. However, any specialization of this formula in which
k is replaced by a speci ¢ natural number can be, at least in principle, not only proved, but also derived
by MixedGosper. In [21], it is shown that seweral well-known basic and bibasic summation formul’z can
be obtained as specializations of this k-basic master formula.

The following two examples are due to Gosper [10].

Example 6.1 In this tribasic example F = Q(a;b;c;p;q;r) where a;b;c are parameters and p;q;r are
the bases. .

X a)pl) @ abpaf)( i acpr¥)(big)(cir)

‘o (ap; p)x (abepd'; par )«

(G a)"ap("2 ) (b Q)ner (Ci1)nes .
(ap; p)n (abepa; par)n ’

Example 6.2 In this quadiasic example F = Q(a;b;c;d;p;q;r;s) where a;b;c;d are parameters and
p;q;r;s are the bases.

= (aj 1)(abcj 1)+

0 Bl )@ @ abFaf )i SE)L i cdrts)(2: )(ac prie(S; $)x (bet as)

o ap("2 ) (29 9), (bea; ar ) (£ 2)i (adps; ps)
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= (i 91 )ai d(adi 1)+

b q(z)(cr" i ap")(acp'r" i 1)(bd' i ds”)(bdd's" i 1)(2;B)a(ac; pr)n(E; £)n (bck 4S)n
anbed "2 )rn (59 9), (beqr; ar)a (25 2)n (adps; ps)n '

Example 6.3 For a simple mixed hypegeometric example, de ne

o 1 _
"gn(a;bie) = (a+ bi+ cd):

i=0

Then, using MixedGosper, one obtains

X0
(bk+ cdf)' gk (1;0;0) = ' qn+1 (1;bi0) § 1L (39)

k=0

As' gn(1;1,0)=nltand’ ¢n(1;0;j &) = (&;0)n, both well-known summation formul¥z

X -
kki= (n+ 1 1 (@it = 1L (& D,

k=0 k=0 a

turn out to be special casesof (39). { It is not hard to imagine how more complex mixed hypergeometric
formulY2 could be built using ' or similar functions. n

7 Mixed hypergeometric solutions

In this section we derive algorithm MixedHyper for “nding all mixed hy;afrgecl)m_etﬁ;csolutionsf ofLf = 0
where L is asin (12). Let Ef = rf wherer 2 F(x;y), then E'f = J":ol E'r f. The crucial idea is
to look for r in the canonical form described in Theorem 5.2. More precisely, we use a slightly modi ed
canonical form

r=ze— (40)
where z 2 Fnf0g, a 2 F[x;y] is mixed monic, and a; b;c satisfy conditions 1{5 of Theorem 5.2. After

inserting (40) into Lf = 0, clearing denominators and cancelling f we obtain

Z'Pi ¢E'c= 0 (41)
i=0

where

LTI S

Pi = pi E'la E'b:

j=0 j=i
Sin@ all terms in (41) except for i = 0 contain a as an explicit factor, it follows that a divides
poc ~ /4,  E'b. Becauseof properties 3 and 4 of the canonical form, a divides po. Similarly QaII terms
in (41) except for i = Yacontain E* *b as an explicit factor, therefore E* 'b divides zp,E"c ~ 1  Ela.
Becauseof properties 3 and 5 of the canonical form, E* b divides p,. Thus we have a nite number of
choicesfor a and b: they are mixed monic factors of po and E* *py, respectively.

For each choice of a and b, equation (41) is a linear recurrence with polynomial coetcients satis ed
by the unknown polynomial c(x;y). However, z 2 F nfO0g is also unknown. To nd z(Ec=c¢, write
® = mino. . »mindeg, Pi, pye(x) = [y®]Pi, d = maxo. i. ndeg pio(X), Piow = [X‘Ip;a(x), and

= mindeg, c(x; y). Looking at the coexcient of y®"" in (41), we nd that P(zq ) = 0 where
X/z i
P(x) = Pi @ X (42)
i=0
Write zq' = ¢ where ¢ is aroot of P. Then z= ¢q' ', hence(41) can be rewritten as

xXe

¢q " Pi¢E'c= O
i=0

13



Dividing by y* we obtain nally

Yo
P CE' (cxy )= O
i=0
Supposethat we know &= c=y . Then

JEE_ |

- Ec_ _Ec
b T =

Cc Cc

which is just what we are looking for. It remains to seehow to 'nd all Laurent polynomial solutions
€2 Flx;y;y' ] of

P CE' () = O (43)
i=0
Obviously, if we know lower bounds by for the degreesof y; in &, then we can substitute &= dyi’1 ¢eeyPm
in (43) and use MixedPoly to d polynomial solutions d of the resulting equation. Observe that any
lexicographic order t on Z™ is total (though not well-founded) and satises®! ~ ) ®+°1 ~ +°
for all ®;:° 2 Z™. To obtain by, we order the terms Iexicographipally with y; asthe rst variable,
and write once again ®; = ming. i. ,mindeg, Pi, p;e; (X) = [y®i1¢' P, di = maxo. ;. ndeg, Pi; @; (X),
Pro; g, = XY 1pse, (), and ' ;| = mindeg, &x;y). Then PY)(q i) = 0 where
P (x) = Pi oy X'
i=0

The bound by can now be read o®asthe j-th componert of ' ;.

In summary, we nd the factors of r = ¢(a=b(E&=£) as follows:
1. ais a mixed monic factor of po,
2. bis a mixed monic factor of E1 %,
3. ¢ is aroot of polynomial P(x) de ned in (42),
4. tis a non-zero Laurent polynomial solution of (43).

Checking each admissibletriple a; b;¢, for Laurent polynomial solutions & of recurrence (43) constitutes
algorithm MixedHyper which is given in appendix D.

8 Greatest factorial factorization

The concept of greatest factorial factorization of polynomials (GFF, for short) which is an analogue of
the well-known square-freefactorization (SFF), plays a fundamental role in symbolic summation. It has
been introduced by Paule in [16] for the hypergeometric case,and subsequenly extended to the basic
[18, 17] as well as bibasic cases[20]. Here we sketch an extension of the GFF concept to an arbitrary
polynomial ring with an automorphism % including the hypergeometric, basic, bibasic, multibasic, and
mixed hypergeometric GFF, aswell as SFF, as special cases.

over F. For p;q 2 F[x], we write p » ¢ if there isan a2 Fnf0Og such that p= ag. Such p and g are
called assaiated.

Let % be an F-automorphism of F[x] (i.e., a ring automorphism of F[x] which "xes eac elemert
of F u F[x]). To specify 3it sutces to give the n polynomials ¥xi;:::;%x,. Note that % preserves
irreducibilit y of polynomials, and so for any irreducible p2 F[x]nF, either ¥p» por ¥p ? p.

In analogy to Moendk [15] we write

Rel o
= %'p
i=0
for the k-th falling ¥«factorial of p.
De nition 8.1 Let p2 F[x]nf0g. Then

Yspan(p) = maxfk 2 No; [q]%; divides p; for someq 2 F[x]n Fg:

Note that O - ¥span(p) - maxi. i. n deg; p.
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Denition 8.2 Letp2 F[x]nf0g. A list of polynomials hps1;:::;pki from F[x] where k ; 0is a ¥%+GFF
of p if the following conditions are satis ed:

(%:GFF1) p> [Pl oeelpcls,

(3%+GFF2) if k > 0thenpx 2 F[Ix]nF, 3 .

(%:GFF3) for all 1- i- k, either pi = 1, or pi 2 F[x]nF and %span [p:J%¢6¢pi]5 = i.
It is clear that every polynomial p 2 F[x] nf0Og has a ¥-GFF. To nd it, factor p into non-constant
irreducible factors, combine those which composefalling ¥sfactorials of length k = ¥span(p) into [pk]'a‘z,

then repeat this procedure with p#pk]%. Note that the 3:GFF of a constant polynomial p 2 FnfOg is
hi, the empty list.

Example 8.1 1. When %is the identity automorphism, ¥GFF agrees with SFF.

2. When the polynomial ring is F[x] and ¥x = x + 1, ¥%GFF agrees, up to a constant normalization
factor, with GFF as de ned in [16].

3. Let F = K(q) where K is a "eld of characteristic zero and q is transcendental over K. When the
polynomial ring is F[x] and ¥x = gx, %+GFF agrees (on polynomials which are not divisible by x),
up to a constant normalization factor, with gGFF as de ned in [17].

4. Let F = K(p;q) where K is a "eld of characteristic zero and p;q are algebmically independent over
K. When the polynomial ring is F[x;y] and ¥x = qx, ¥ = py, %GFF agrees (on polynomials
divisible by neither x nor y), up to a constant normalization factor, with GFF 4 as de ned in [20].

5. When the polynomial ring is F[x;y], %= E as de ned in Section 2, and u;:::;qn satisfy (1),
¥+GFF provides GFF for the mixed hypergeometric case.
Note that cases2, 3 and 4 are all contained in caseb.
As shown by the following example, ¥+GFFs are in general not unique.
Example 8.2 Let %be the F-automorphism of F[x] de ned by ¥x = j x. Obviously both h1;1+ xi and
h;1; xi are %GFFs of 1| x? in this case.

In order to have unique ¥%:GFF's (up to assaiated factors), we restrict our attention to a subclass of
automorphisms %

De nition 8.3 An F-automorphism % of F[x] is aperiodic if for every irr educible p 2 F[x] nF either
a) ¥p» p, or
b) ¥"p? p, for all m 2 ZnfO0g.

Example 8.3 1. The identity automorphism is aperiodic becausein this case¥p » p for all p 2 F[x].

2. Let q2 F be a primitive m-th root of unity. Then the F-automorphism 3.0f F[x] de ned by ¥x = gx
is not aperiodic because, e.g., ¥{x + 1) = gx + 1 6»x + 1 while 3" (x + 1) = d"x + 1» x + 1.

de ned in Section 2 is aperiodic. This includes cases2 { 5 of Example 8.1.
Lemma 8.1 Assumethat %zis an aperiodic F-automorphism of F[x]. Let q2 F[x], and let p1;:::;pk; 1 2
FIx]nf0g, px 2 F[x]nF satisfy
(D1) ¥y ;% 1p ? [pilw forany1- i<j - k,
(D2) r¥%r doesnot divide p;, for any r 2 F[x]JnFand1- j - i- k.
If [a]% divides [p:]% ¢¢e[pc]%, then q divides px.
Pro of: Assume rst that qis irreducible. As %4is aperiodic, we distinguish two cases.

a) Yg» q
In this case[d]$ » ¢ and sod j [p1]%¢¢¢pc]%. Let i - k be minimal such that qj pi. Assume that
i < k. If thereisj > i such that qj p; then ¥p; 6?[pi]%, contrary to (D1). Otherwise o j [pi]% and hence
o j pi, contrary to (D2). Soin casea) we must havei = k. It follows that qj px.

b) %"q? q, for al m 2 Znf0g

Let j - k be maximal such that [q]57. 6?[p; ]jsz. Then there areuandv,0- u< kand0- v< j, such
that ¥ “qj % Vp;. Hence %' “qj p;. We are going to prove that u = v and j = k, by distinguishing
two subcases.

bl) u>v

15



In this case%’ "** j [q]% j [pl]al/,,¢¢¢[pj ]Jz7 If 31 Y*% j [m]y for somel < j then ¥p; 6?[pi]% contrary
to (D1). Otherwise %' “** | [p % and so % Ut | % “p; for somew such that 0 - w < j. Hence
ry ™ rjp wherer = % Yqg. As1- w+ 1- j,it followsfrom b) that r ? %' r whencer¥'*r j p;,
contrary to (D2). Sothis caseis not possible.

b2)u- v _
Unlessu = v and j = k, we have % Vi1 j [q]% ] [pl]al/é,tlztlxr:[pJ . If 941U o]y for somel < j then
i p 62[pi]%, cortrary to (D1). Otherwise 41 Ui | 1o} I and so %41 Vil j W p; for somew such that
0- w<j. Hencer; %" %r jp wherer = ¥#*Viuilg As1. jj w - j,it follows from b) that
r? % “r whencer%' Vr jp, contrary to (D2).
Soin caseb) we must haveu = v and j = k. It follows that qj p«.

Finally, if q is reducible write = ¢u ¢¢¢q, wherem > 1 and the g's are irreducible. As [gm I% j [q]% ]
[p115 ¢¢¢{px 1% and gy is irreducible, we already know that gy j px. Therefore

[ 000G 115 ] [Pl Ceelpy; 115 1[;’; B

Clearly, replacing px by px=gn invalidates neither (D1) nor (D2). Hence,by induction on m, ¢ ¢¢¢gn; 1 ]
Pk =Cp . It follows that q= 0. ¢¢¢om j p«. n
We can now give a characterization of ¥+GFFs which is akin to the de nition of GFF in [16].
Corollary 8.2 Assume that %is an aperiodic F-automorphism of F[x]. Let p = [pl]al/,,¢¢¢[pk]'&, where
pi;ii; Pk 1 2 FIxInfog and pc 2 Fix]nF. Then hpy;:::;p«i is a ¥%GFF for p if and only if p1;:::;p
satisfy conditions (D1) and (D2) of Lemma 8.1.
Pro of: () ) Let hps;:::;p«i be a ¥%GFF for p.
(D1) Assume that qj [p.]s/A where g 2 F[x] nF is irreducible and 1 - i <j - k. Ifgj ¥ then
[% *di [py I3 sO [q]s/ j T Yo 1f qj %0 py then [% dlbj [pi T, SO [ ql% j [pi]5dp 15 In either case
Yespan  [p:]5 Cee[p; % . j+ 1, contrary to (¥%:GFF3).

(D2) Assumethat q%qj pi for someirreducible q2 F[x]JnF-and1- j - i - k. Then [o]%[% dl%] [pi]%
But ¥qj [%4 q]%, SO [?/q]% [pI ]% Hence ¥sspan [pl]% ¢¢¢[p.]3/4 , 1+ 1, contrary to (¥%+GFF3).

(¥+GFF3) as well, assumethat p; 2 F[x] nF and 3sspan [pl]%¢¢¢[p. ]3/4 = s> i, for somei such that

1- i- k. Then thereisanirreducible q2 F[x]nF such that (013 j [Po15 ¢6¢lpi 1% Hence[dl% j [p1l%: ¢6¢lpi 1%
and [¥% 1q]a/41 [pl]s/A¢¢¢[p.]a/A By Lemma 8.1, qj pi and ¥ qj pi. We distinguish two cases.
a) Yg» q

If there isj < i such that qj p; then ¥p; 6?[p ]Ja7 contrary to (D1). Otherwise o j [pil% As s> i, it
follows that o j pi, contrary to (D2).

b) %"q? q, for al m 2 ZnfO0g
In this caseq? ¥ gand soq¥% 1qj pi, contrary to (D2). "

Example 8.4 Let g 2 F be a primitive third root of unity, and let % be the F-automorphism of F[x]
de ned by ¥x = gx. The polynomials p» = 1+ x, p2 = 1, ps = 1+ gx satisfy conditions (D1) and (D2)
of Lemma 8.1. However, hp:;pz2;psi is not a %GFF of p = [p1]5[p2]4lps] because p = [1 + x]% and
Yxspan(p) = 4. This example showsthat Corollary 8.2 can fail when ¥is not aperiodic.

The next corollary shows uniquenessof ¥%+GFFs (up to assciated factors).

Corollary 8.3 Assume that 3.is an aperiodic F-automorphism of F[x]. If hos;:::;p«i and hop;:::;qi
are ¥:GFFs for the samep 2 F[x], thenk =1 andp » g for 1- i - k.

Pro of: By (¥%GFF3), k = ¥span(p) = I.

We prove the rest of the corollary by induction on k.

If k = 0 the assertion holds vacuously. Let k > 0. By Corollary 8.2, the pi's as well as the g's
satisfy conditions (D1) and (D2) of Lemma 8.1. Therefore pk j & and o j px, hence px » o and

[pl]zl/é,fcd:d:[pkI 1]5} Ly [ql]% (X% [0 78 1]% . Letr = [pl]a/A ¢eepy; 1]3/4 Landm = 3/‘fspan(r) Then hol; i :;pmi

forl- i- m. n
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Finally, the formul‘2

ged(p; %) »  [puld 6eelpi]5— ged(ps; ¥ps) Geeged(¥ < pe; Ypu);

p N p1p2 CECPK .
gcd(p; % p) ged(py; % tpg) ¢eeged(p; ¥4 Kpk)
P p1¥ tpo €0 K1 py

gcd(:; %) . gcd(pa; ¥pr) 000ged(% < pi; )

can be proved in much the sameway as the corresponding formul% in [16].
We remark that analogously to the hypergeometric, basic and bibasic cases,¥+GFF could be usedto
derive and explain Gosper's algorithm in the mixed hypergeometric case.

9 Concluding remarks

We have shown how to compute the hypergeometric canonical form of rational functions, how to perform
Gosper's algorithm, and how to 'nd polynomial aswell as hypergeometric solutions of recurrences,all in
the mixed hypergeometric case. We have also indicated how to extend the concept of GFF to this case.

It remains to provide mixed hypergeometric generalizations of algorithms for "nding rational solu-
tions of recurrences[1, 11] and of algorithms for factorization of the corresponding operators [5]. The
more excient algorithm of van Hoeij for "nding hypergeometric solutions [12] should also admit of a
generalization to the mixed hypergeometric case.
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A Algorithm  MixedPoly

INPUT: po;:::;pwg;he;iiiihs 2 FIX;y], po;p.6 O
OUTPUTgeneral solution (f;,) 2 F[x;y]£ F° of Lf = g+
CALLINGSEQUENCHixedPoly (egn, unknown, params)
EXTERNARLGORITHMSSED:
Poly (e;t; , ) returns general solution (t; , ) of the parametric nonhomogeneousordinary recur-
rence e (seel2])
LinSolve (e;x; , ) returns general solution ;| of the linear algebraic equations resulting from
equating the coezcients of like powers of x on both sidesof the polynomial equation e

s _Pl/z i
=1 .ihy wherelL = 2, pi ¢E

® = maxo. i. ndeg, pi
pre(X) = [y®Ip

d:= maxo. ;. w.deg, pi e (X)
Pi ®d = |{~)<1d/] Pi; @ (X) i

P(x):= % Pi; @:d X'
R:=f%2Ng; P(q™) = 0Og
rhs:= g+ [, ,jh

f=0

while R 6 ; or rhs 6 0do
if R6; then ! :=maxa R else 1 = 7?
if rhs6 Q then = = degy rhs else — = ?
if ®+ 1 A then

=1

(1%, 9 = Poly(" %, pra()q tx+ ) = Ot )
fo=f+ty
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rths:=rhsj 2 oj L (t% )

R:=Rnf' g
end
else if ® u = then
=i ® . B
(t%, 9 = Poly(" %) pre(x)d" t(x+i)=[y Irhst; )
fo=f+ty
rhs:=rhsj 4 oj L(t% )
if ' =1 then R:= Rnf'g
end
else ~
,%:= LinSolve ([y Jrhs= 0;x;,)
rhs:= rhsj z o
end
end
return f.

NB: If either Poly or LinSolve fails then MixedPoly fails as well.
B Algorithm CanonicalForm

INPUT: r 2 F(x; y) nfOg
OUTPUTcanonical form of r
EXTERNAALGORITHMSSED:
Resultant (a;b;x) returns the resultant of polynomials a;bw.r.t. x
GCIx; b) returns the mixed monic gcd of polynomials a; b

let r = (u=v) ¢(ap=hy) where aghp ? M, aou? kv, u;v2 M, and by is mixed monic
P(» ") = Resultant (a(x;y);b(x + » " y);X)
for i=1;:::;m do

P(» ) := P(» )®Resultant (a(x;y);b(x + » " y);yi)

end
let hy < hy < ¢¢¢< hy be the roots h2 Np of p(h) = P(h;q")
C:=1

for i=1;:::;N do

si == GCOai; 1;E"'h; 1)
ai = ai; 15§
b=h 13 "is
G=Gi1 oLy Ells
end
a:= uCay
b:= v thy
C:= Cn

return (a; b;c).

C Algorithm MixedGosper

INPUT: mixed hypergeometric sequence t,
OUTPUTmixed hypergeometric sequence s, sud that sp+1 | Sn = tn, if it exists

r:= ©(tn+1 =tn) (seeTheorem 2.2)
(a; b;c) := CanonicalForm(r)
u=1

for i=1to m do
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if Ys(ab)=0
then
g =0
else
(ai;b;c) := CanonicalForm(¥4 (b=a)
if 9v;iw2 M :(v? w and a=h = v(q)=w(q))

then
e = deg, w
else ¢ :=0
end
u:= uty’

end

(p;hi) := MixedPoly(a¢Ep; u(g) ¢E' *b¢p = u(q)u ¢c;p;hi)
R := (p¢E' *b)=(u ¢c)

return ©' *(R) ¢t,.

NB: If MixedPoly fails then MixedGosper fails as well.

D Algorithm MixedHyper

OUTPUTmixed hypergeometric solution f of il’io pi CE'f = 0, if it exists

for all mixed monic factors 6-0f Po a@d b of E' “py do
for i=1to %doPi:=p ~j,yEla”A'Elb
® := ming. . %mindegy P
for i=0to %do pio = [y®]P;
d:= maxo. i. ndeg, pie
for i=0to %do piew = [X“]pie
for all ¢ such that =~ ", pieq¢ = 0 do
for j =1to m do
order terms lexicographically with y; first
®; = ming. . 1/2mindegy P;
for i=0to %do p;e, = [y*]Pi
di == maxo. i. wdeg, pi o
for i=0t0 %do pie;q; = X' Wie
let %;:::;% be the roots of = %) pie . % =0
let by be the minimumof the j-th components of %;:::;%
u= ypt eetyny .
(d; hi) := MixedPoly(' %, ¢'u(q)'Pi ¢E'd = 0;d;hi)
if d6 0 then
r= w(q)%%ﬁ
return a non-zero solution f of Ef = rf and stop
end
end
end
stop.

NB: If the original term order is lexicographic with y; asthe rst variable, then in the innermost loop
j runs from 2 to m and we seth; = 0.
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