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Mathematicds a greatapplication.But like mostComputerAlgebraSystemsijt doesnot alwaysgive
you correct answers.Sometimesthis is so becausegiving the correctanswerin all caseswould
requireMathematicao solveundecidablg@roblems Sometimedt justabadlydesignedeature.

Badly designed syntax
= The meaning of whitespace
Do you know howto factorx? + 2 x y + y# ? DoesMathematica?
Factor [x? + 2 Xy +y?]

x2 +2xy +y?

It lookslike it doesnot evenknow hot to factor a simple expressiorike that. But how aboutsome
thing morecomplicated?

Factor [2x3y -y* +2x%y® - x]
(-1+2x%y) (x+y%)
Whatis goingon?Juxtapositions interpretedoy Mathematicasmultiplication:
2X3Xy
6x%y
It is easyto missa missingspacelf you write xy insteadof x y, it might takeyou a while before

you figure out what is going on. This is what was wrong above.It all works onceyou notice the
missingspace:

Factor [x? + 22Xy +Yy?]

(x+y)?
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Function application

Hereis aratherbaffling answemivenby Mathematica:

Integrate[Sin (x"2), X]

Sinx3
3

The problemis thatSi n(x*2) shouldhavebeenSi n[ x*2] becausén Mathematicesquarebrack
ets are usedfor function application.If you write Si n(x”2), it is understoodas "constantSi n
multiplied by x squared"Thecorrectanswelis:

Integrate[Sin[x"2], X]

ﬁFresnelS[(x]

While it may be arguedthat it is user'sfault for not knowing how to apply a function, this surely
countsasbaddesign.Whatif 1, an experiencediser,wrote this by mistakein the middle of a larger
computation? would getno warningatall thatthingshavegonewrong.

SN

Thelimitsof Li mit

Limitswith parameters

Whena free parametepccursin an expressionMathematicgusually)doesnot try to checkwhether
thingsaredifferentat specialvaluesof the parameterf-or example:

LirTit[ ,X-)O]

X-a

0

However,ata = 0 theansweis 1:

Lim‘t[

XO, X-)O]

It is understandabléhat Mathematicabehaveghis way. After all, the generalproblemof detecting
specialvaluesis undecidableHowever,if you readdocumentatiorfor Li nmi t thereis no hint thatit
is user’'sresponsebilityto worry aboutparametersWhile in the abovecaseit is easyto guessthat
a = 0, thefollowing examplés notsoeasy:
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(L+4x2)* _ (145x2)°

a-x?/2 - Cos [X]

LirT'it[ ,X-)O]

Unlesswe practicallycomputethis limit by hand,whichis exactlywhatwe try to avoid whenwe use
Mathematicayou will neverguesghata = e is special:

(1+4x2)"* - (1+5x2)"°

e*x?/2 - Cos [X]

LirTit[ ,X-)O]

Computing limits by I’ Hospital rule

Do you know I'Hospital rule for computinglimits? | mean,really know it, including the side condi
tions?It goesasfollows.

Leta e [0, o] andJ € R afinite or infinite intervalwhichintersecteveryneighborhoof a.
Let f, g:J\{a} » R becontinuousanddifferentiablefunctionssuchthat

Ixignf [X] :Ixigng[x] =0

or
limif [x]t=1imig[X]} =oo.
X-a X-a

Suppose[x] = 0 andg’[x] # 0 for everyx € J\{a} whichis closeenoughto a. If thelimit

o f X
|
foE\ng' [X]
existsthen
f[x] X
=1
x-a g [X] xL;Eng’ [X]

The blue side—conditiotis nastyfor Mathematicao check.So it ignoresit. But documentatiordoes
not give you anyhintsaboutthat. Solet ustakethefollowing two functions:

fIX_ ]1:=x+Sin[2x]/2
g[x_1:=e3"X] x 4+ &S "XI gin[2x]/2

If you look closely,you will seethatg[x] ==f [x] - €S "X] | Furthermoreg [x ] doesnot satisfy
the conditionsfor I'Hospital rule, asg’ [x ] hasinfinitely many zeroesin neighborhoodf » (the
bluegraphbelowisg’ [x]):
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Plot [{g’ [X], g[Xx]}, {X, O, 70},
Pl ot Styl e - {R@Col or [0.5, 0.5, 1.0], RGBCol or [0, 0, 0]}1;
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Let uscomputethelimit £1-, whichis juste S "*J asx - !
X
Limt [ [x] X > oo]
g[x]
0

This is awronganswerbecause¢hequotientt [x] / g [X ] oscillatesin neighborhoo@f x = «:

f [x]
Pl ot [ ——, {x, 0, 100}{;
[g[X] ]

20 40 60 80 100
If wesimplifyt [x] /g [x] beforecomputingits limit, Mathematicacanhandleit:

f[x] . :
—— //Sinplify
g[x1]

e*Si nix]
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f
Linit [S nplify[%], (X > @)]

{Interval H% e}]}

Theorder of things

You can get strangeresultsby changingthe order of operationswhen the order should not matter.
Theseusuallyinvolve subtitutions.

m Detecting singularities

Supposd want to computethe sum Zizo ak (yes,thisis a silly example,you can createa smart
one). What is the answer?Most peoplewill forgetto considerthe possibility thata = 0 leadsto
0Y which is undefined.What doesMathematicasay?It dependson the order of things. If we first
computethesumandthensubstituted for a it forgets,justlike people:

Sum[a~k, {k, 0, 5}1/. a-»0
1
If we substituted for a first, thenit tells ussomethings wrong (again,justlike mostpeoplewould):

Sum[0~k, {k, 0, 5}]
— Power::indet : Indeterninate expression 0° encountered.

I ndet erm nat e

m Addition of scalarsand vectors

Considerthe affine mapf [v] == (1 Ll)) - (v + {0, 1}) which takesa two—-dimensionalector
v, translatest by {0, 1} and multipliesit by a 2 x2 matrix. We might define it as follows in
Mathematica:

In9):= f[v_] = (1 1 ) (v + {0, 1});
This looksquitereasonablejoesit not?Let uscompute [ {0, 0}]:

In[10:= f [{O, 0}] // Matri xForm

Out[ 10]//MatrixForm=

7
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Why, we gota 2 x 2 matrix asa resultinsteadof a vector?!'Whatif we computethe samething "by
hand"?

In[11]:= (i 2) ({0, 0} + {0, 1}) // MatrixForm
Out[ 11]//MatrixForm=

0

(1)

Now it is a vector.Sothe problemmustbe with the definition of t . Indeed,writing : = insteadof =
helps:

10
Inf12l:= g[v_]: = (1 1 ) (v + {0, 1})

g[{0, 0}] // Matri xForm

Out[ 13]//MatrixForm=
(1)
1

But the real problemlies deeper Mathematicadistributesaddition of a symbolover a list, which is
problematiovhenthe symbolis supposedo represena vector:

a+ {Xg, X1, X2}

{a+Xp, a+X1, a+X2}

So, it thinksthatin the expressiorv + {0, 1}thesymbolv is ascalarsoit getsdistributedoverthe
list. Whenwe plugin avectorfor v we endup with a2 x 2 matrix:

In[14]:= Vv + {0, 1}

ouf14]= {v, 1+v}

In[15]:= v + {0, 1} /. v -> {0, 0} // Matri xForm
Out[ 15]//MatrixForm=
(11)
11

However,if we subtitute{0, 0} forv immediatelywe getavector:

In[16]:= {0, 0} + {0, 1} // Matri xForm
Out[ 16]//MatrixForm=

)

Onceagain,we seehow certaindesignchoicesin Mathematicaarereasonablén certaincontexts pbut
causealot of troublein others.



